A group is called metahamiltonian if all non-abelian subgroups of it are normal. This concept is a natural generalization of Hamiltonian groups. In this paper, the properties of finite metahamiltonian p-groups are investigated.
Introduction
A group is called Dedekindian if every subgroup of it is normal. In 1897, Dedekind classified finite Dedekindian groups in [6] . In 1933, Baer classified infinite Dedekindian groups in [1] . A non-abelian Dedekindian group is also called Hamiltonian.
A non-abelian group is called metahamiltonian if all non-abelian subgroups of it are normal. This concept is a natural generalization of Hamiltonian groups. In the 1960's and 70's, many scholars researched metahamilton groups. Romalis and Sesekin [16, 17, 18] investigated some properties on infinite metahamiltonian groups, and Nagrebeckii [11, 12, 13] studied finite metahamiltonian groups. Nagrebeckii [12] proved the following theorem:
Theorem 1.1. Suppose that G is a finite non-nilpotent group. Then G is metahamiltonian if and only if G = SZ(G) where S is one of the following groups:
(1) P ⋊ Q, where P is an elementary p-group, Q is cyclic and (p, |Q|) = 1; (2) Q 8 ⋊ Q, where Q is cyclic and (|Q|, 2) = 1; (3) P ⋊ Q, where |P | = p 3 , p ≥ 5, Q is cyclic and (p, |Q|) = 1.
In [12] , more detailed information on S is given. Since a nilpotent group is the direct product of its Sylow subgroups, by the above theorem, to study finite metahamiltonian groups, we only need consider finite metahamiltonian p-groups, which is more complex than the situation of non-nilpotent. We use C n and C m n to denote the cyclic group and the direct product of m cyclic groups of order n, respectively; and use H * K to denote a central product of H and K. For undefined notation and terminology the reader is referred to [10] .
We have the following information about minimal non-abelian p-groups. (1) G is an inner abelian p-group; Many scholars studied and classified A 2 -groups, see, for example [3, 4, 7, 9, 19, 21] . We have following Lemma. 
, where p ≥ 3 and ν = 1 or a fixed quadratic non-residue modulo p.
and G has an abelian maximal subgroup.
, where (j, p) = 1, p > 2, j is a fixed quadratic non-residue modulo p, and −4j is a quadratic non-residue modulo p;
2 and ρ the smallest positive integer which is a primitive root (mod p); if p = 2, then j = 1.
(IV) d(G) = 2 and G has no abelian maximal subgroup.
, ρ is the smallest positive integer which is a primitive root modulo p;
(V) d(G) = 3 and G has no abelian maximal subgroup.
Analyzing the group list in Lemma 2.4, we have following lemma. A finite p-group G is called metacyclic if it has a cyclic normal subgroup N such that G/N is also cyclic.
3 Properties of finite metahamiltonian p-groups Proof It is straight forward.
Theorem 3.2. Let G be a finite p-group. Then G is metahamiltonian if and only if every minimal non-abelian subgroup is normal in G.
Proof If G is metahamiltonian, then, by the definition of metahamiltonian, every minimal non-abelian subgroup is normal in G. On the other hand, if every minimal non-abelian subgroup is normal in G, then, by Lemma 2.3, every non-abelian subgroup is normal in G.
Let S = x, y p . Then S < K and hence S is not normal in G. It follows that S is abelian and hence [x,
Proof By Theorem 3.3, for all x ∈ G, K = x G is abelian or minimal non-abelian. Proof If G ′ is contained in every non-abelian subgroup of G, then every non-abelian subgroup of G is normal in G. Hence sufficiency holds. In the following we prove the necessity.
Let G be a counterexample with minimal order. Then G is metahamiltonian and there exists a minimal non-abelian subgroup N = a, b such that G ′ ≤ N . Since G is metahamiltonian, subgroups containing N are normal in G. Hence G/N is Hamiltonian.
By the minimality of G, G/N ∼ = Q 8 . Let G/N = xN, yN and H = x, y . 
2, M is minimal non-abelian and hence G/M is also Dedekindian. Since z ∈ M , G/M is not abelian. By the minimality of G, we have 
Case 3. H ∩ N < Φ(N ).
We claim that H ∩ N = 1. Otherwise, G = H × N . Since N ∼ = G/H is Dedekind, we have N ∼ = Q 8 . In this case, xa, yb ∼ = Q 8 is not normal in G, a contradiction.
We claim that N ′ ≤ H ∩ N . Otherwise, G/(H ∩ N ) is also a counterexample, which is contrary to the minimality of G. Without loss of generality, we may assume that a ∈ N is of order 4. Then a 2 = x 2 y 2 . By calculations, we have [x, ay] = x 2 and (ay) 2 = x 2 . It follows that x, ay is neither abelian nor normal in G, a contradiction. Proof Assume that G = a, b is a counterexample with minimal order. By Lemma 2.7,
. That is, we may assume that
Hence they are all abelian. Thus we have Proof Assume the contrary. Then there exists K < G such that K ∈ A 2 , exp(K ′ ) = p and c(K) ≥ 3. Hence p > 2 and K is a group of Type (4)- (7) or (18)- (21) Proof Assume the contrary and G is a counterexample with minimal order. Then c(G) = 3 and G ∈ A 3 .
